AND VARIANCE OF BINOMIAL DISTRIBUTION
inow that if P(x;), P(¥2), ---, P(x,) are the probabilities corresponding to values xy, X, ..., X, of
dom variable, its mean or average or expected value or expectation is defined as
EX) = n = Z x;P(x;)
of binomial distribution, we have

In case
P(r) = "C,p'q" " forr=0,1, ..., n

n n
m Z rP{r) = Z.rnCipThg"?
r=0 r=0

0+ Lnpg™l + 2.—rz(rf2—r_1)p2q"‘2 + ... + np"

np [q"‘l +(n-pgr2 4+ 2= 0E=2) 1;(!" "D g3 44 p""l]

np (@ +p)y' =t =mp (vq+p=1)
Hence, the mean of the binomial distribution is np.

Now let us derive the formulae for variance and standard deviation of a binomial
distribution.

n 1
o2 = r{‘g TZP(T) L “2 - TEO r2 ncrprqn—r i ll?'

A7+ (e - DCp7gtT - 2 (vri=r+r(r-1)

Il
ll M=

n n
= EO r ncrprqn = Eo r(r-1) ncrprqn -1 l112

= np + ir(r - 1) PC,p"q"T - 2

(*+ Contribution of r = 0 and r = 1 in second summation is 0)
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n » e o
Now Ez r(r - 1) "C,pTgh-r = éz ’r-1). n(n 1)--;'(!" r+1) P
nopn=1)(n=2)(=r+1) ron-r
nn-lhin=4..\F-" "2
ra2 (r-2)! P

nn - 1)P2 )Ezn-ZC’__ZP,-_zqn—r

nn- Np? (@ + p)”’2 =n(n- 1)p? (g+p=1)

np + n(n = 1)p* - (np)* =1np ~ np?

np (1-p) =14
the binomial distribution is o2 = npqg.

Thus, o°

Hence, the variance of

It follows that the standard deviation i 6 = [npq .

. . ) _ 55 < 4
For example, tossing a fair coin is a binomial event with p = probability of heads = 5 and

. @ . 1
If a coin is tossed 400 times, we expect that the coin will show heads in np = (40())E =200

.
=2

eso
------------------------------------------------------------------------

Remark
Mean and standard deviation are used to test whether a coin or a die etc. is biased or unbiased. If

a fairly large number of trials are made and actual observation is made, we say that the coin or die
is

(i) unbiased if value lies in Mean + 20

(ii) perhaps biased if it lies between two and three sigmas

- ILLUSTRATIVE EXAMPLES

Example 1. Find the mean of the Binomial distribution B (4, %) .
Solution. The parameters of the given binomial distribution are 4 and 7;- ieen=4andp= % :
3

The mean of the binomial distribution = np = 4 x Py

3 3
Example 2. An unbiased coin is tossed 4 times. Find the probability distribution of the number of heads
obtained. Hence, find the mean and the variance of the distribution.

Solution. When a fair coin is tossed, probability of getting a head =p = 2,
2

1 1
S, =1— =1——=_.
0, 4 P )

Here number of trials = number of times the coin is tossed = 4.

Thus, we get a binomial distribution with p =

N | =

1
,q=— and n = 4.
q 2an n
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2

d-r -4 1 Tr1\4r 14
( quccesses) = 'y P (2) (—J =4Cr( ) :
[’r

4
) = P(1) = ¢c,(1) 4
[’(0)= 4C() —2- 16 1 ) 16,
4 4
-2 P@3) = 4c, (L) _ 4
. Py BT - — i
P2 = G17] "6 37) =1 and
e [L) =1
p="C|7] T T
01 2 3 4
probability distribution is 1 4 6 4 1
" 16 16 16 16 16
yean of number of heads obtained = Zp,x;
e
1 4 & 4 1
= =X0+=x1+—x2+2 4
16 16 15 - t1gX3tgx4
0+4+12+12+4 3
= =22 o9
16 16
1 4 6 4 1
i 2 = 2 —_ 12 al 2 4 2 §3 42
Now Zp;X; 16X0 e +16x2 +16><3 T
o 0+4+24+36+16=§)_ 5
E 16 6 >

Variance

Tpxf-pl=52-22=1,

Example 3. A coin is biased so that the head is 3 times l_ikely to occur as tail. If the coin is to;sed ftwt;irz, then
find the probability distribution of the number of tails. Hence, find the mean of the nz'tm er g ’ blh
Solution. The coin is so biased that the head is 3 times likely to occur as tail. If p is the probability
of getting a tail, then probability of getting a head = 3p,

1
so p+Ip=l=4p=1=p= 7

1.3
SO q-:].—z—z.

The coin is tossed twice, events are independent, therefore, it is a problem of binomial

1 3 !
distribution with p = o qg= 7 and n =2.
If X denotes the number of tails, then X can take values 0, 1, 2.

2
3 9
P<0>=2coq2=1'( J 16

4] 16

136
P(1)=2C1pq=2.z.z—16an

11
P(2)=2C2p2=1.(z) -

0
istributi umber of tailsis | 9
The probability distribution of the n {_6

=N

}_
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Example 4. Find the probability distribution of the number of sixes in three throws of a dje, Also f
mean and variance of the distribution. "d the

. : 1
Solution. When a die is thrown, probability of getting a six = P=%’
so g=1-p=1- %=§-.Heren=3.

6
iotributi o=l =2 andn=3
Thus, we have a binomial distribution with p = 5 q= 6 .

If X denotes the number of sixes obtained, then X can take values 0, 1,2, 3.
3

5 125

- A

PO =% = () e

1. 18 2 75
=3 23 2] ==
P(1) =>C,pq 3'6'(6) 216’

P2_3C 27 =13 _1_2_5.= and
()— ZPq- g 6 216

1V _ 1
P(3)=3C3p3=(gJ -
o 1 2 3
Required probability distribution is|125 75 15 1
216 216 216 216

125 75 15 1 108 1
=u=Ip;X;= = = SS s N e R e
Meani= =2 216X0+216X1+216 216 216 2
125 75 15 1
2= B 024 L2 %124 X2+ X F
Zpii 216XO 216 216 216
_75 60, 9 14 2
~ 216 216 216 216 3
Z
2 (1 2 1 5
: e B 2 [ AN B e
Variance = Zp;x;" — 1 3 (2) e

Alternatively
Here, we have a binomial distribution with p = %, q= -‘Z and n = 3.

To find the mean and variance of the distribution, we have:

mean=np=3xl=—1-and
6 2
Variance=npq=3xlx§=i,
6 6 12

Example 5. Find the probability distribution of the number of doublets in four throws of a pair of dice.
Hence, find the mean and variance of this distribution.

Solution. When a pair of dice is thrown, the sample space has 36 equally likely outcomes, out of
which six outcomes are doublets—(1, 1), (2, 2), (3, 3), (4, 4), (5, 5) and (6, 6).

If p = probability of getting a doublet, then p = 6.1 ,
36 6
1 _5
— 1 —_——=—, —
S0 g b Here n = 4.

Thus, we have a binomial distribution with p =
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y denotes the number of doublets obtained, hen x takes the values 0

If 4
5\ _ 625
=4C qh=(=| =22
p() = "Cof (6) 1296’

1,2,3,4.

: 1(5 3
p(1) = *Cpa = 4. —.H - 500

616 1296
- PR,

4 2.2 _¢f1 5 150
2=Cpq—6(—)(—J=
=22 6)16) 1296

3

—4C, 13 =4(l)§= 20

PE) ="CaP =4\ 5| ¢ =135 and

. oy . 0 1
The required probability distribution is 625 500 1:0 230 ‘11
1296 1296 1296 1296 1296

— o .=L
Mean = =Zpi; = (625X 04500 1+ 150 x 2420 x 3 + 1 x 4)
an Lo £
1296 < %4= 3
p ;.
Now 2P = ooz (625 x 024 500 x 124+ 150 x 22 4 20 x 32 + 1 x 42)
1

(500 + 600 + 180 + 16) = 2%

— =1

" 12% 1296

2
Variance = £ pjx2 — 2:1_(§) -1_4_5

Example 6. From a lot of 15 bulbs which include 5 defective bulbs, a sample of 4 bulbs is drawn one by one

with replacement. Find the probability distribution of the number of defective bulbs. Hence, find the
mean of the distribution.

Solution. Total number of bulbs in the lot = 15,
number of defective bulbs =5.
N | 4 By il
Let the probability of a defective bulb drawn be p, then p = Tt

1 2
theprobabi]ityofagoodbulb:q:1—p=1—5:;

As 4 bulbs are drawn one by one with replacement, the events are independent therefore it is a
. 1 2 4
problem of binomial distribution with p = 3 =3 and n=4.

Let random variable X denote the number of defective bulbs drawn, then X can take values
0’ 11 21 3, 4:.

4
2 16
P(X=0)=4C0q4=1x( ) =51’

3
] 1 (2} _32
P(X=1)=4C1pq =4X EX(S) ‘—'81/
1V, (2 .2
P(X=2)=4C2p2q2=6x (5) X(E) B 81'

Probability 493



g -1 B+ Bird
The probability distribution of Xis | 16 32 24 8 1}
51 81 81 81 81

Mean=)2p,~x,-=5%(16x0+32x1+24x2+8x3+1x4)
108 _

—_—— =

L 24 + 4) 4
=§I(0+32+48+ + 5l 3
Example 7. Three cards are drawn successively with replacement from a well shuffled pack of 57 cyr,
the probability distribution of the number of spades. Hence, find the mean of the distribution,
13 1
fromapackofSanrds:p: 5

- Fing

Solution. Probability of drawing a spade

so,q=1—)!7=1—i—3

==

As the cards are drawn successively with replacement, events are independent, therefore iti

3
a problem of binomial distribution withp = %, 9= 7 andn =3.

Let random variable X denote the number of spades, so X can take values0, 1,2,3.

3
_acscd=1.(3)=Z
P(X 0) COq 1'(4) 64
P(X=1)=3C 2-3 l§2=.2_7
1PRF =0 4l )=

1% 3_9
:2 =3 21: = )
P(X ) CZPq 3(4) 4 64

17 _ 1
P(X =3) =3C3p3=1.(zj -
0 -1.2-3
Required probability distributionis | 27 27 9 1
64 64 64 64

Mean = % px; = glz(27x0+27x1+9x2+1x3)

1 8
=—0+27+18+3)= —
64 ) 64

4
T

Example 8. The mean and the variance of a binomial distribution are 4 and 2 respectively. Find the prvbﬂbimy
of atleast 6 successes.
Solution. According to given, we have
mean =4 = np =4
and variance =2 = npg =2

From (i) and (ii), we get

_ 1
4.9 =12 :q=5,50p=1-q=1_

N|—

1
2
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1
pwegetn.o =4 =y o
Froﬂ‘\ (‘)’ 2 '

(1 denotes the number of Successes, then

8
2)12

P() = "Cop g = BCr[l]'(‘ )8" =t ]
r EJ :
. The probability of atleast ¢ Successes

= P(6) + P(7) 4 P(8)
S ey vy
(3] tervrc e

1
e (B +84 1) 37

gxample 9. Determine the binomig distribution whoge

mean is 9 and whose standarg deviation is g . Find
the probability of obtaining atmost 0ne success.

Solution. Let the binomjia] distribution be
Given that mean

(q +pyn.

=P =9 and standarq deviation = [ g =2
3 2

]
T
P 9 4 4
and np=9=>nx%'-9:>n=12.

Hence, the binomial distribution s(q+p)ie [l +%]u.

P(X<1) = P(0) + P(1)

P(atmost one success)

12Cyp0q12 4 12¢ p g

12 11 12
1 3(1 1
| Zl=| =37|=] .
&) el (Y
Example 10. A pair of dice is thrown 200 times. If getting a sum of 9 is considered a success, then find the
mean and the variance of the number of successes.

Solution. When a pair of dice is thrown, the sample space has 36 e

qually likely outcomes.
Outcomes favourable to sum of 9 are (5, 4), (4, 5), (6, 3), (3, 6) only.

: 4 1
p = probability (sum is 9) = i
8
9

1 200
Hence, mean = np = 200 (;) =

I

S0 g=1--=

, 1 =200.

O |-

1)(8) _ 1600
variance = npq = 200 (6)(_] =



A |

Example 11 In a binomial distribution, the sum of its mean and variance is 1.8. Find the Probabil
h successes if the cvent was conducted 5 times. Vofta,
Solution. Here np +1pq = 18andn=>5
= 5p(l+ P=18= (1= +q)= 036 =1-42=036
= qz =064=>¢9= 0.8
p=0274=08 and 1 =5.
Probability of 2 successes = P(Q2) = 5C,p%q°
= 10(0.2)2 (0.8)3 =0.2048

('-'quSI)

Example 12. If the sum and the product of the mean and variunfe. of Binomial Distribution are 1 8and
respectively, find the probability distribution and the probability of atleast one success, 8

Solution. According to given, we have
9
np +npg=18 =>np(l+q)=
4
and np.npq =08 =n?pq= =

Dividing the square of (i) by (i), we get

2 2
n2p+q? _(9Y,5 o, A+a” 8
n2p2q 5 4 q 20

= 20(1+29+4¢?) =81g=2042-41g+20=0

= (5q—4)(4q—5)=0:>q=%,%but0<q<1
= =é

=73

4_1
P"l—q"1—§‘5'
. 1 4 9
| L= == =5,

From (i), n 5L1+5) 5:>n

5
Hence, the binomial distribution is (g + p)" i.e. (% + %) .

Probability of atleast one success =1-P(0) =1-¢°

5 3125 3125 °

Example 13. The difference between mean and variance of a binomial distribution is 1 and the difference of
their squares is 11. Find the distribution.
Solution. According to given, we have
np-npg=1lienp(l-q)=1
and (np)? - (npq)? = 11 i.e. n2p? (1 -q2) =11
Dividing (ii) by the square of (i), we get
npP(l-g*) _11 _ 1-¢2
iSRS
wiprl-gt 1 (1-g7?
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(1-9(1+4q Lo Filosg
2 T (1-9? T 1.4 =11
= 1+q=11—11q=>12q=10:>q=§
5
5 1
=1-g=1-==_,
p=l=a 6 6
From (i), we get
EPEARS 1
nx _'(1 6‘] —'1 = nx };)(__ ::1 ::>’1:= 36

. N L |
golution. Herep = 2 q= 2 1 =400. We see that n is fairly large,

Expected value (Mean) = np = 400 (l] =200
2

and standard deviation = ¢ = W - ’400'1.1 -10
272 '
Observed value 220 =200 + 2 (10) = Mean + 2¢.

Hence, the coin is perhaps biased,

Example 15. If the mean of a binomial distribution is 81,

; e At then find the interval in which standard deviation
of the binomial distribution lies. (CBSE 2022 Term I)
Solution. Given mean = np = 81
Standard deviation = \fnpq = J8l3 =9 Jq
=% SD.<9 (v g<1)
AlsoS.D.20
= 0<£SD.<9

- Standard deviation lies in the interval [0, 9).

. EXERCISE 9.4

------------------- ocoololo-----'-oooul.oon---u.oo..nt---oc|c--o-oo|ic-..oco---.|

1. Find the mean of the Binomial distribution B (8, %) .

2. In a binomial distribution, if n = 20 and g = 0.6, then find its mean.

3. In a binomial distribution, if mean is 5 and variance is 4, then find the number of trials.

4. If the mean of a binomial distribution is 20 and its standard deviation is 4, then find the value
of p.

5. Find the expectation of number of heads in 20 tosses of a fair coin.

6. A die is tossed twice. A success is defined as getting an odd number on a random toss. Find
the mean and variance of the number of successes.

If X follows binomial distribution with parameters n = 5, p and P(X = 2) = 9 P (X = 3), then
find the value of p.



acement from a well-shuffled pack of 57 cards

8. Three cards are drawn successively with repl
drawn.

Find the mean and the variance of the number of red cards
9. A die is thrown 3 times. Let X be ‘the number of two’s seen’, then find the Prohability
distribution of X. Also find the expectation of X.

10. Find the probability distribution of the number of successes in two tosses of a die, where a
success is defined as ‘a number greater than 4" Also find the mean, variance and stanay, d
deviation of the distribution.

11. Two cards are drawn successively
52 cards. Find the probability distribution of the number
and standard deviation of the distribution.

12. Adieis tossed three times. Getting an even number is considered a success. Find the binomj al
distribution. Also find the variance of the distr ibution.

13. An urn contains 3 white and 6 red balls. Four balls are drawn one by one with replacemen;

from the urn. Find the probability distribution of the number of red balls drawn. Hence, fing

the mean and variance of the distribution.

with replacement from a well-shuffled Pack of
of aces drawn. Also find the Mean

) 3 .
14. If X follows a binomial distribution with mean 3 and variance B then find P(X < 5).

15. If the sum of the mean and the variance of a binomial distribution for 54 trials is 30, then fing

the distribution.
Answers
1
52 2008 3. 25 4, 5 5. 10
; 3
6. 1; L e bk 8. Mean = g,vanance: =
) 10 2 4
monmess Bronbieenc:
e s S 10 o
/ S 1 :‘E . E- é l ’ 31 91 3
216 216 216 9 9 9
3
[opo e (L1
13" 13 k) 4
32146'§§ 10 15 Z+154
= =13 hgnd = i 6 R



